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^ . Abstract 

^H ' In this paper, we first define the complexification of a real analytic map between 

r^ , real analytic Koszul manifolds and show that the complexified map is the holomor- 

"t^ ' phic extension of the original map. Next we define an anti-Kaehler metric compatible 

r^ , with the adapted complex structure on the complexification of a real analytic pseudo- 

i_^^' Riemannian manifold. In particular, for a pseudo-Riemannian homogeneous space, 

we define another complexification and a (complete) anti-Kaehler metric on the com- 

CO ' plexification. One of main purposes of this paper is to find the interesting relation 

between these two complexifications (equipped with the anti-Kaehler metrics) of a 
pseudo-Riemannian homogeneous space. Another of main purposes of this paper is to 

\^S , show that almost all principal orbits of some isometric action on the first complexifi- 

T-H ' cation (equipped with the anti-Kaehler metric) of a semi-simple pseudo-Riemannian 

r«^^ , symmetric space are curvature-adapted isoparametric submanifolds with flat section 

(^ ' in the sense of this paper. 
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- - ■ 1 Introduction 

Any C^-manifold M admit its complexificatioii, that is, a complex manifold equipped 
with an anti-holomorphic involution a whose fixed point set is C"^-diffeomorphic to M, 
where C"^ means real analyticity. To get a canonical complexification of M one needs some 
extra structure on M. For example, if M equips with a C^- Riemannian metric g, then 
so-called adapted complex structure J^ is defined on a tubular neighborhood U^ (which 
we take as largely as possible) of the zero section of the tangent bundle TM of M and 
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(U^, J^) gives a complexification of M under the identification of M with the zero section 
(see [18,22]). We denote {U^,J^) by Mg. In more general, R. Szoke ([26]) extended the 
notion of the adapted complex structure to the case where M equips with a C"^-Koszul 
connection V, where a C"^-Koszul connection means a C^-linear connection of TM. In 
this paper, we denote this complex structure by J^, its domain by U^ and (f/^, J^) by 
My, which is a complexification of M. We shall call a manifold equipped with a Koszul 
connection a Koszul manifold. Thus we get a canonical complexification of a C"^-Koszul 
manifold (as a special case, a C^-pseudo-Riemannian manifold). On the complexification 
M^ := (U^, J^) of a C"^-pseudo-Riemannian manifold (M, g) of index u, a pseudo-Kaehler 
metric gx of index v compatible with J^ which satisfies i*gK = f^ ('■ • ^^^ inclusion map 
of M into M^) is defined in terms of the energy function E : TM — )■ R (see [26] in detail), 
where E is defined by E{v) := ^g{v,v) {v G TM). 

In [12], we defined the (extrinsic) complexification of a complete C^-Riemannian sub- 
manifold {M,g) immersed by / in a Riemannian symmetric space N = G/K of non- 
compact type as follows. First we defined the complexification f^ of / as a map of 
a tubular neighborhood {M^)f of M in the complexification M^ of M into the anti- 
Kaehler symmetric space C^ jK^ . Next we showed that f^ is an immersion over a tubular 
neighborhood {M^)f^i of the zero section in M^. We called an anti-Kaehler submanifold 
{{Mg)f^i, if^\(M'')f i)*{ ) )) ill G^ /K^ the extrinsic complexification of the Riemannian sub- 
manifold {M,g). Also, in [12], we showed that complex focal radii of M introduced in [11] 
are the quantities which indicate the position of focal points of {{Mg)f^i, (/'^|(M<=)f i)*( ) ))• 
Furthermore, by imposing a condition related to complex focal radii, we defined the notion 
of a complex equifocal submanifold. It is conjectured that this notion coincides with that 
of an isoparametric submanifold with flat section introduced by Heintze-Liu-Olmos in [8]. 
In [12], [13] and [14], we obtained some results for a complex equifocal submanifold by 
investigating the lift of the complexification of the submanifold to some path space. 

In this paper, we shall first define the complexification f^ of a C"^-map of a C"^- 
Koszul manifold (M, V) into another C^-Koszul manifold (M, V) as a map of a tubular 
neighborhood {M^)f of M in My into M~ and show that /^ is holomorphic and that, if 
/ is an immersion, then f^ also is an immersion on a tubular neighborhood {M^)f^i of M 
in (My)j (see Section 4). Let {M,g) be a C^-pseudo-Riemannian manifold. Next, on a 
tubular neighborhood {M^)yi (which we take as largely as possible) of M in M^ , we define 
an anti-Kaehler metric g^ compatible with J^ (i.e., gAiJ^X,J^Y) = —gAiX,Y) {X,Y £ 
TU'^), VJ^ = 0) satisfying L*gA = 9, where V is the Levi-Civita connection of gA and l is 
the inclusion map of M into {Mg)A- Note that gA is defined uniquely. We show that, for a 
C"^-isometric immersion / : {M,g) ^^ {M,g) between C^-pseudo-Riemannian manifolds, 
f^ : ({Mg)A n {Mg)f.i, gA) — ?• {{M~)a, gA) is a holomorphic and isometric (that is, an 
anti-Kaehler) immersion. Next, for a pseudo-Riemannian homogeneous space, we define 
its another complexification as the quotient of the complexification of its isometry group by 



the coniplexification of its isotropy group, where we assume that the isometry group and 
the isotropy group have faithful real representations. Note that this quotient has a natural 
anti-Kaehler structure. The first purpose of this paper is to find an interesting relation 
between two complexifications (see Theorem 6.1). The second purpose of this paper is to 
define the dual of a C^-pseudo-Riemannian manifold (M, g) at each point and the dual 
of a totally geodesic C"^-submanifold of {M,g) in the anti-Kaehler manifold {{Mg)A,gA) 
(see Definitions 2 and 3 in Section 7). Next we define the notions of a complex Jacobi field 
in an anti-Kaehler manifold and a complex focal radius of an anti-Kaehler submanifold 
and show some facts related to them. Furthermore, we define the notions of a complex 
equifocal submanifold and an isoparametric one in a pseudo-Riemannian homogeneous 
space and investigate the equivalence between their notions for a C"^-submanifold in a 
pseudo-Riemannian symmetric space. The third purpose of this paper is to show that, 
almost all orbits of the G-action on the coniplexification ({{G/K)'z)A,gA) of a pseudo- 
Riemannian symmetric space {G/K, g) are curvature-adapted isoparametric submanifolds 
with flat section such that the shape operators are complex diagonalizable (see Theorem 
9.3). 

Future plan of research. We plan to solve both of various problems (for example, 
problems for harmonic analysis) in a C^ -pseudo-Riemannian manifold {M,g) and the 
corresponding problems in its dual of (M, g) by solving the corresponding problems in 

{{M-)A,gA). 

2 Basic notions and facts 

In this section, we shall recall basic notions and facts. Let (M, V) be a C°^-Koszul 

o 

manifold and tt : TM — )■ M be the tangent bundle of M. Denote by TM the punctured 
tangent bundle TM \ M, where M is identified with the zero section of TM. Denote 
by QJ the vertical distribution on TM and by S) the horizontal distribution on TM with 
respect to V. Also, denote by w^(G 5?^) the vertical lift of w G T^^^-^M to u. Let $t 
be the geodesic flow of V and X^ be the vector field on TM associated with ^f Define 

a distribution S.^ on TM by S.^ := Span{u^,X^} {u £ TM). This distribution £^ is 

o 

involutive and hence defines a foliation on TM. This foliation is called the Koszul foliation 
and we denote it by ^ . In particular, if V is the Levi-Civita connection of a pseudo- 
Riemannian metric, then we call it a Levi-Civita foliation. These terminologies are used 

o 

in [26]. Let 7 : / — )■ M be a maximal geodesic. The image 7*(T/) yields two leaves of 5^ 
and all leaves of ^'^ are obtained in this way. Let .^ be a vector field along 7*. If there 
exists a geodesic variation 74 in M satisfying 70 = 7 and ^|j=o7i* = C) then ^ is called 
a parallel vector field. Note that ^ is an extension of the Jacobi field ^|j=o7t along 7. If 



(M, V) is a C^-Koszul manifold, then there uniquely exists a complex structure J on a 
suitable domain [/^ of TM containing M such that for each maximal geodesic 7 in (M, V), 
7* : 7=ir^(^^) ~^ {U'^iJ'^) is holomorphic (see Theorem 0.3 of [26]), where 77^(f^^) is 
regarded as an open set of C under the natural identification of TR with C. We take C/^ 
as largely as possible. This complex structure J^ is called the adapted complex structure. 
We denote this complex manifold {U , J ) by My and call it the complexification of 
(M, V). In particular, if V is the Levi-Civita connection of a pseudo-Riemannian metric 
g, then U ,J and M^ are denoted by U^, J^ and M^, respectively. Denote by R the 
curvature tensor of V. According to Remark 2.2 of [4] and the statement (b) of Page 8 of 
[4], we see that, if (M, V) is locally symmetric (i.e., V : torsion-free and Vi? = 0) and the 
spectrum of R{-,X)X contains no negative number for each X £ TM, then the adapted 
complex structure J is defined on TM (i.e., U = TM). 

3 Anti-Kaehler manifolds 

Let M be a C°^-manifold, J be a complex structure on M and g he a pseudo-Riemannian 
metric on M. Denote by V the Levi-Civita connection of g. If g{JX, JY) = —g{X, Y) for 
any tangent vectors X and Y of M, then (M, J, g) is called a anti-Hermitian manifold. 
Furthermore, if V J = 0, then it is called an anti-Kaehler m,anifold. For an anti-Kaehler 
manifold, the following remarkable fact holds. 

Proposition 3.1. Let (M, J,g) he an anti-Kaehler manifold and exp he the exponential 
map at p £ M. Then exp : {TpM, Jp) ^ {M, J) is holomorphic. 

Proof. Let u £ TpM and X € Tu{TpM). Define a geodesic variation 5 (resp. 6) by 
5{t,s) := expp{t{u + sX)) (resp. 6{t,s) := expp{t{u + sJpX))) for {t,s) G [0,1]^. Let 
Y := (5*(^|s=o) and Y := 5^,{-^\s=o), which are Jacobi fields along the geodesic 7„ with 
7n(0) = u. Since {M,J,g) is anti-Kaehler, we have VJ = and R{Jv,w) = JR{v,w) 
{v,w € TM) (by Lemma 5.2 of [1]), where R is the curvature tensor of g. Hence we have 

v^^v^jjy) + R{JY, %)% = J (v^„v^„y + r{y, %)%) = o, 

that is, JY is also a Jacobi field along 7„. Also, we have Jl^(O) = ?(0) = and 
Va^^{q)JY = V^^(o)? = JpX. Hence we have JY = Y. On the other hand, we have 
JY{1) = J^^(i)(expp)*„(A:) and Y{1) = {expp)^u{JpX). Therefore J^„(i) o (expp)=^„ = 
(exp )*„o Jp follows from the arbitrariness of X. Since this relation holds for any u G TpM, 
expp : {TpM, Jp) — )• (M, J) is holomorphic. q.e.d. 

According to this fact, we can define so-called normal holomorphic coordinate around 
each point p of a real 2n-dimensional anti-Kaehler manifold (M, J, g) as follows. Let 



U he a neighborhood of the origin of TpM such that exp |j^ is a diffeomorphism and 
(ei, JpCi, • • • , e„, JpCn) be a Jp-base of TpM. Define (j) '■ C" — )■ TpM by (j){xi+^/—lyi, • • • , x„+ 

V-^Vn) = Y^i^iCi +yiJpei). Set [/ := expp([/) and (/> := 0~^ o (exp^ L-;^)"^ According 



to Proposition 3.1, {U,(/)) is a holoniorphic local coordinate of {M,J,g). We call such a 
coordinate a normal holomorphic coordinate of (M, J, g). Let w G TpM and define a map 
7^ : L* — )■ M by 7^(2;) = expp((Rez)f + {lm.z)Jpv) {z G D), where D is an open neigh- 
borhood of in C. We may assume that 7^ is an immersion by shrinking D if necessary. 
According to Proposition 3.1, 7^ is the holomorphic extension of 7^, and hence it is totally 
geodesic. We call 7^ a complex geodesic in (M, J, (7). 

Next we give examples of an anti-Kaehler manifold. Let (G, K) be a semi-simple 
symmetric pair and g = f + p be the canonical decomposition of g := LieG associated with 
{G,K). Denote by g the G-invariant pseudo-Riemannian metric on a quotient manifold 
G/K arising from the restriction -B|pxp to p of the Killing form B of g. Then (G/K, g) and 
{G/K, —g) are (semi-simple) pseudo-Riemannian symmetric spaces. Note that {G/K, —g) 
is a Riemannian symmetric space of compact type if (G, K) is a Riemannian symmetric 
pair of compact type and that [G/K, g) is a Riemannian symmetric space of non-compact 
type if (G, K) is a Riemannian symmetric pair of non-compact type. Let G*^, Jf^, g'^, f*^ and 
p^ be the complexifications of G, K, g, f and p, respectively. For the complexification B^ (: 
g'^ X g'^ — 7- C) of -B, 2Re B'^ is the Killing form of q^ regarded as a real Lie algebra, where 
ReS*^ is the real part of B'^. The pair (G*^, K'^) is a semi-simple symmetric pair, where G'^ 
and K'^ are regarded as real Lie groups. Denote by Tj the G'^-invariant pseudo-Riemannian 
metric on G^ /K^ arising from 2Rei3'^|pcxp<: and by J the G'^-invariant complex structure 
arising from j : p*^ — ^ p*^ (<^ jX = \f-VX). Then {G^/K^, J,g) and {G^/K^, J, -Ij) are 

def 

anti-Kaehler manifolds. We call these anti-Kaehler manifolds the anti-Kaehler symmetric 
spaces associated with {G/K, g) and {G/K, —g), respectively. See [16] about general theory 
of an anti-Kaehler symmetric space. 

4 A complexification of a C^-map between Koszul manifolds 

In this section, we shall define the complexification of a G'^-map between G'^-Koszul 
manifolds and investigate it. Let / : (M, V) — t- {M, V) be a G'^-map between G'^-Koszul 
manifolds. First we shall recall the definition of the (maximal) holomorphic extension 
a^ of a G'^-curve a : {a,b) ^ M in M~ . Fix to £ (q^j b) and take a holomorphic local 

coordinate {V, (j) = (zi, • • • , Zm)) of M~_ around a(to) satisfying M r\V = 0~^(R™), where 

m = dimM. Let {(j) o a){t) = {ai{t) , ■ ■ ■ , am{t)) ■ Since ai{t) {i = l,---,m) are of 
class C^ , we get their holomorphic extensions a^ : Di ^ C {i = l,---,m), where D^ 



is a neighborhood of to in C. Define a^ 



to 



k 

n D, 

i=l 



n(a?x---xa^)-i(</.(y))^M^ 



by a^p(z) := (p ^(a^(z), • • • ,q^(z)). This complex curve a^^ is a holomorphic extension 
of a|((p_£^ty^_£), where e is a sufficiently small positive number. For each t G (a, 6), we 
get a holomorphic extension a^ of a|(i-£',t+e'), where e' is a sufficiently small positive 
number. By patching {oif}t£{a,b): we get a holomorphic extension of a and furthermore, by 
extending the holomorphic extension to the maximal one, we get the maximal holomorphic 
extension a^. Now we shall define the complexification /^ of /. 

Definition. Let (My)j := {v G My | \/^ G Dom((/o7„)^)}, where 7^, is the geodesic in 
(M, V) with 7^(0) = V, (/ o 7^)'' is the (maximal) holomorphic extension of / o 7^, in M~ 
and Dom((/ o 7^)'') is the domain of (/ o 7^,)''. This set {M^)f is a tubular neighborhood 
of M in M^. We define ^ : (M^)/ ^ M| by riv) := (/ o j^fiV^) {v G (M^)/). 

For this complexification f^, the following facts hold. 

Proposition 4.1. Let / : (M, V) — > (M, V) be a C^-map between C^-Koszul manifolds. 
Then f^ : {M^)f — )■ M~ is the (maximal) holomorphic extension of f. Also, if f is 
an immersion, then f^ is an immersion on a tubular neighborhood (which is denoted by 
{M^)f.i in the sequel) of M in (M^)/. 



^740)^ 
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Fig. 1. 

Proof. First we shall show /^{m = f ■ Take an arbitrary p{= Op) G M (=the zero section 
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of TM), where Op is the zero vector oiTpM. We have fip) = r{Op) = (/o7oj'*(\/^) = 
f{p). Thus /^|m = / holds. Next we shall show that /*^ is holomorphic. According to 
Theorem 3.4 of [23], we suffice to show that, for each geodesic 7 in (M, V), f^ o 7^ is 
holomorphic. For each z = x + \/—ly G Dom(/'^ ° 1*)^ we have 

{r o i.){z) = (r o 7*)(y(|)a=) = nviix)) 

= (/°7,7(x))"(V^) = (/o7)"W, 

where we note that the tangent bundle TR is identified with C under the correspondence 
y{-Tf)x -H- X + \/—ly. That is, we get /'^ o 7^ = (/ o ^)^. Hence /^ o 7^ is holomorphic. 



Thus the first-half part of the statement is shown. The second-half part of the statement 
is trivial. 

q.e.d. 



Let (M, V) be an m-dimensional C"^-Koszul manifold, -F be a R -valued C^- function 
over an open set V oi M (k < m) and a be a regular value of F. Let M := F^^{a) and 
i be the inclusion map of M into M. Take an arbitrary C"^-Koszul connection V of M. 
Then we have the following fact. 

Proposition 4.2. The image t^((My)J is an open potion of {F^)~^{aL), where F^ is the 
(naaxinial) holomorphic extension of F to M~ (which is a C^-valued holomorphic function 
on a tubular neighborhood VofV in M~). 

Here we shall explain the (maximal) holomorphic extension F^ of F to M~ . Fix po (^ V 
and take a holomorphic local coordinate {Wp^^, (j) = (zi, • • • , Zm)) of M~ about po satisfying 
M n W^po = (/>-^(R'") and M n Wp^, C V. Since F o {(i)\j^^y^ Y^ is of class C"^, we get its 
holomorphic extension {F o ((^1 »jp,t^ Y^)^ • ^ ~^ C^, where D is a neighborhood of </>(po) 



in C™. Define F^^^, : ^^'^{Dr\(t){Wp^,)) -^ C^ by F^_ := (F 



^-i^fc 



p,^ : (p ^i^i Kp^K^poj; ^ ^ oyrp,^ := l^ "l-PlMnl^pJ ^ °'PI<^-i(Dn0{H^p„))- 



This C -valued function FIJj is a holomorphic extension of Fjr? ^^ to M~. For each 

p & V, we get a holomorphic extension F^ of F|vp (V^ : a sufficiently small neighborhood 
of p in V). By patching {F^ }pgy, we get a holomorphic extension of F" and furthermore, by 
extending to the holomorphic extension to the maximal one, we get the desired (maximal) 
holomorphic extension F . 

Proof of Proposition J^.2. Take X G My (c TM^ and 7x : (— e,e) — t- M be the geodesic 
in (M,V) with 7x(0) = X. Since 7x(t) G M, we have F(7x(t)) = a, where t G (-e,e). 

7 



Let {t, o 7x) (: D — t- M~) be the (maximal) holomorphic extension of i o jx in ^^■ 
Since F^ o [i o -yx)^ : ((i o ^x)'^)~^ {V) — ^ C*^ is holomorphic and {F'^ o {l o ^x)'^)it) = a 
{t G {-e,e)), we get F'*o(i07x)'' = a. Hence we get F^^i^'I^X)) = F''{{io-fxf{V^)) = a, 
that is, L^{X) G (F'')~^(a). From the arbitrariness of X, it follows that t''((My)t) C 
{F^)^^{a). Furthermore, since dimt'^((My)J = dim(F^)^^(a), t'^((My)J is an open 
potion of (F'*)~-'^(a). q.e.d. 

Remark 4-1- Take another C^-Koszul connection V of M. Let V^ be the complexification 
of i as a map of M£ into M£. Take X G (M^), n (M£), (c TM). Then i'^(X) and i^^(X) 

are mutually distinct in general but they belong to (F )~^(a). 

Example. Let S^{r) := {(xi, • • • ,x„+i) G R"'^-'^ | xf + ••• + x^_|_^ = r^} and 5 be the 
standard Riemannian metric of S'^{r). Denote by i the inclusion map of S^{r) into R""*""^. 
Then we have 

5 The anti-Kaehler metric on the complexification of a pseudo- 
Riemannian manifold 

Let {M,g) be an m-dimensional C"^-pseudo- Riemannian manifold and M^ = (U^,J^) 
be its complexification. We shall construct an anti-Hermitian metric associated with 
J^ on a tubular neighborhood of M in Mg. Fix pQ G M. Take a holomorphic local 
coordinate {V,(f) = {zi,- ■ ■ , Zm)) of Mg around po satisfying M n V = (/)~"'^(R™). Let 

n n 

4>\Mr\V = {xi, • • • , Xm)- As g\Mr\V = Y^ Y^ gijdxidxj, we define a holomorphic metric g^'^° 

n n 

on a neighborhood of M n F in F by g"-''P" := ^ ^ g^.dzidzj, where gf^ is a holomorphic 

extension of gij. Thus, for each p G M, we can define a holomorphic metric g^'P on a 
neighborhood of p in M^. By patching g^'P^s {p G M), we get a holomorphic metric on a 
tubular neighborhood of M in M^ . Furthermore, we extend this holomorphic metric to 
the maximal one. Denote by g^ this maximal holomorphic metric. 

Notation 1. Denote by (M^)a the domain oi g^. 

Note that g^ is a holomorphic section of the holomorphic vector bundle {T*{{M^)a) (8) 
r*((MpA))^^'°Hc {T*{{M^)a)(^T*{{M^)a)T) consisting of all complex (0, 2)-tensors of 
type (2,0) of {M^)a- From g^ , we define an anti-Kaehler metric associated with J^ as 



follows. 

Definition 1. Define '^ by ?^(Zi,Z^ = '^^^{Z^JT) (^1,^2 G (r(MpA)'^), where (0 
is the conjugation of (•). Then {g^ + fl'^)|T{(M<:)^)xT{(Af<:)A) ^^ ^'^ anti-Kaehler metric on 
{M^)a (by Theorem 2.2 of [1]). We denote this anti-Kaehler metric by qa- 

Remark 5.1. (i) For X,Y e T{M^), we have gA{X,Y) = 2Re{g^{X,Y)). 

(ii) If {M,g) is Einstein, then {{M^)A,gA) also is Einstein (see Section 5 of [1]). Hence 
((((M^)yi)^^)yi, {gA)A) also is Einstein. Thus we get an inductive construction of an 
Einstein (anti-Kaehler) manifold. 

Notation 2. For a C"^-map / : {M,g) — )■ {M,g) between C"^-pseudo-Riemannian mani- 
folds, we set {M^)Aj:i ■= {M^)a D {M|)f■.^. 

For the complexification of a C"^-isometric immersion between C^-pseudo-Riemannain 
manifolds, we have the following fact. 

Theorem 5.1. Let f : {M,g) ^^ {M,g) be a C^ -isometric immersion between C^-pseudo- 
Riemannian manifolds. Then the complexified map f^ : ((M^)^j.jn(/'^)~^((M~)^), gA) — > 
{M~)a, gA) is a holomorphic and isometric (that is, anti-Kaehler) immersion. 

Proof. For simplicity, we set {M^Yaj-a ■= {M^)Aj:i n {D~^{(m^)a). We suffice to show 
that {f^YgA = 9A- Let g (resp. g ) be a holomorphic metric arising from g (resp. g). 
Since /^ is holomorphic by Proposition 4.1, {{f^)'^)*g^ is the holomorphic (0, 2)-tensor 
field on {M^YAj-.i- Also, it is clear that {{f^)'')*g''\TMxTM = f*9{= g)- Hence we get 
{{f*T)*9^ = 9^ on (Mg)'^ r- and furthermore 



on(Mp' ,,. 



q.e.d. 



Definition 2. We call the anti-Kaehler submanifold /^ : {{Mg)'^ f-ii9A) ^^ {{M~)a,9a) 
the complexfication of the Riemannian submanifold f : {M,g) ^-s- {M,g). 



6 Complete complexifications of pseudo-Riemannian homo- 
geneous spaces 

Let [G/K, g) be a pseudo-Riemannian homogeneous space. Here we assume that G and K 
admit faithful real representations. Hence the complexifications G'^ and K'^ of G and K are 
defined. Since geK is invariant with respect to the K-a,ct\on on TexiG/K), its complexifi- 
cation g^j^ is invariant with repsect to the i^^-action on T(,k'^{G'^ / K'^){= {T(,k{G/K)Y). 
Hence we obtain a G*^-invariant holomorphic metric 'g^ on G'^ /K'^ from the C-bilinear ex- 
tension of ^^'i^ to {TeK<^{G'' / K'')Y x {TeK^G^^ / K-)T ■ Set 5A := 2Reff'^|r(Gc/xc)xT{G'=/i^c), 
which is also G'=-inavariant. Define j : TeK-iG" / K") -^ TeK-iG" / K") by j{X) := ^^X 
(X G T(,K<^{G'^ /K'^)). Since j is invariant with respect to the i^'^-action on TeX'^iG^/K^), 
we obtain a C-invariant almost complex structure J of G'^/K^ from j. Then it is shown 
that {J,gA) is an anti-Kaehler structure of G'^ /K'^. Also, it is clear that {G'^ /K'^^J ,'gA) 
is geodesically complete. By identifying G/K with G{eK^), G^ jK^ is regarded as the 
complete complexification of GjK. Define ^ : T{G/K) — > G^/K'^ by ^{v) := expp(Jpw) 
for V £ T{G/K), where p is the base point of v and exp is the exponential map of the 
anti-Kaehler manifold (G'^/ET^ J,gA) at p(G G/K = G(eK^) C G'^/K''). Note that this 
map <I> is called the polar map in [4]. 

Remark 6.1. For a C^-isometric immersion / of a C"^-Riemannian manifold {M,g) into 
a Riemannian symmetric space {G/K,g) of non-compact type, we [12] defined its com- 
plexification as an immersion of a tubular neighborhood of M in {M^)f-i into G'^ /K'^. 
It is shown that the complexification defined in [12] is equal to the composition of the 
complexification /^(: {M^)f-i — t- {G/K)'z) defined in Section 4 and the polar map ^. 

Set Q := U {exp(st') | < s < r„}, where exp is the exponential map of G^ IK^ 

v&T^G(eK'') 

and r^ is the first focal radius of G{eK'^){(Z G'^ /K'^) along 7^,. We have the following fact 
for $. 

Theorem 6.1. The restriction ^\((g/k)^)a ^^^ ^^ {{G/K)^)a is a diffeomorphism onto O 
and, each point of the boundary d{{G/K)g)A of {{G/K)g)A in T{G/K) is a critical point 
of^. Furthermore, ^\{(g/K)'')a ^^ ^ holomorphic isometry (that is, ('&|((g/X)<=)a)*'^ ~ "^^ 
and {<^\((^g/k)-)a)*9a = 9a)- 

Proof. Let Q be the connected component of T{G/K) containing the 0-section (= G/K) 
of the set of all regular points of <&. From the definition of $, it is easy to show that 
V G Tp{G/K){c T{G/K)) is a critical point of <& if and only if ^{v) is a focal point of the 
orbit G{eK'^) along 7^ or a conjugate point of p along 7^. Hence we see that $(^2) = Q, 
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and that ^\q is a diffeomorphism onto Q. Now we shall show that $|f7 is a holoniorphic 
isometry. Let 7 be a geodesic in G/K. We have 



($0 7,)(s + t^/^) 



$(ty(s)) = exp^(^)(J^(^)(t7'(s))) 



where {'Jt-y'is))^ (resp. 7*^) is the complexification of 7j7'(s) (resp. 7) in G^/K^. Thus 
<I> o 7^(: TR = 0—7- (G^/K''^, J)) is holoniorphic. Therefore, according to Theorem 3.4 of 
[23], <&|(G/_ft')<: is holoniorphic, that is, (<I>|(g'/;^)c)* J = Ja- On the other hand, it is clear 

that {^\n)*J is equal to Ja on il. Hence we have $7 C (G/K)'^. Since ($|n)*?'' is the 
non-extendable holoniorphic metric arising from g. Hence we have Q = {{G/K)'z)a- Hence 
the statement of this theorem follows. q.e.d. 
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7 Duals of a pseudo-Riemannian manifolds 

In this section, we shall define the dual of a C"^-pseudo-Riemannian manifold and the dual 
of a totally geodesic C"^-pseudo-Riemannian submanifold. Let {M,g) be a C"^-pseudo- 
Riemannian manifold. For each p £ M, we set M* := {M^)a_ D TpM and denote the 
inclusion map of M* into (M^)^ by Lp. For M* the following fact holds. 

Proposition 7.1. Let expp be the exponential map of {{Mg)A,gA) at p and Dp{c 
Tp{{M^)a)) be its domain. The above set M* coincides with the geodesic umbrella 
expp{Tp{M;)nD). 

Proof. For each X G M*, we get id^(X) = 7^(a/^) = expp{J^X). On the other hand, 
it is clear that id^ = idM<=- Hence we get X = expp{JpX) £ expp{Tp{Mp) CiD). From the 
arbitrariness of X, we get M* C exp (Tp(M*) n D). It is clear that this relation implies 
M* = expp{Tp{M*) n D). q.e.d. 

Definition 3. We call the pseudo-Riemannian manifold {M*L*gA_) the dual of{M,g) at 
p. 

The following question is proposed naturally: 

Are {M,g) and {M*, 6*^^) totally geodesic in ((M^)^, (7^)? 

For this question, we can show the following fact. 

Proposition 7.2. The submanifold {M,g) is totally geodesic in ((M^)^, 5^). 

Proof. Define a : Mg — )■ Mg by (7{X) = —X {X G (M^)^). It is clear that a is an isometry 
of {{Mg)A, gA)- Hence, since M is a component of the fixed point set of a, (M, g) is totally 
geodesic in ((M^)^, g^)- q.e.d. 

Also, we can show the following fact in the case where (M, g) is a pseudo-Riemannian 
symmetric space. 

Theorem 7.3. Let (G/K, g) be a pseudo-Riemannian symmetric space associated with 
a semi-simple symmetric pair (G, K). Then {{G/K)* ilgA) is totally geodesic in 

{{{G/KYg)A,gA). 

Proof. We suffice to show the statement in case oi p = eK{= eK^) (e : the identity 
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element of G) . Let q be the Lie algebra of G and g = f + p be the canonical decomposition 
associated with {G,K). Then T(.k{G^ / K^) is identified with p^. Let <1> be as in Section 6. 
It follows from the definition of <1> that expg^c(A/^p) D $((G/i^)*^). Since a/^P is a Lie 
triple system of p*^, expg^c(-v/— Ip) is totally geodesic in G'^ /K'^. Hence, since ^\[(g/kY)a ^^ 
an isometry into G^ jK^ by Theorem 6.1, {G/K)*^j^ is totally geodesic in (((G/K)^^,^^)- 
q.e.d. 

Let / : (M, g) M- (M, 5^) be a C^-isometric immersion between C^-pseudo-Riemannian 
manifolds and set {M*)f := M* n {Mg)f. Then the following question is proposed natu- 
rally: 

Is f''{{M*)f) contained in M*. for each p G M? 

For this problem, we have the following fact. 

Theorem 7.4. If f is totally geodesic, then f'^{{M*)f) is contained in M,. -, for each 
pe M. 

Proof. Let X G {M*)f. Denote by expj(p) the exponential map of {{M~)A,gA) at f{p). 
Since / is totally geodesic and exp^/ \ is holomorphic, we have 

nX) = (/ o ^x)\V^) = hMX)ry^) = exp^(,)(jJ(^)(/.(X))) 
Gexp^(p)(Tj(p)M;(p)nZ)), 

where jx (resp. 7/^(x)) is the geodesic in {M,g) (resp. {M,g)) with 7x(0) = X 
(resp. 7/,(x)(0) = /*(-^)) and D is the domain of expj/p). According to Proposition 
7.1, exp^(p)(T^(p)M;(p) n D) is equal to M;^^). Therefore, we get /"((M;)j) C M;(p). 

q.e.d. 

Definition 4. For a totally geodesic C^-pseudo-Riemannian submanifold f{M) in {M,g), 
we cah a submanifold f'^{{M*)f) in (M*. ^ i* . ^51^) the dwa/ of f{M). 

Example. Let G/i^ be a pseudo-Riemannian symmetric space, ii^ be a symmetric subgroup 
of G, be the involution of G with (Fix0)o C K C Fix9 and a be the involution of G with 
(Fix(T)o C H C Fixer, where (Fix0)o (resp. (Fixo")o) is the identity component of Fix^ 
(resp. Fixo"). Assume that ^ocr = cro^. Also, let G* be the dual of G with respect to -ftT and 
H* be the dual of H with respect to H DK. Then the orbit H{eK) (c G/K) is totally 
geodesic and hence i^ {{H {eK))*^^^) is contained in (G/i^)*^(= G*/K), where l^ is the 
complexification of the inclusion map of H{eK) into G/K. Furthermore, l^ {{H {eK))*j^) 
coincides with the orbit H*{eK) (c G*/K = {G/K)lj^). 
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8 Complex focal radii 

In this section, we shall introduce the notions of a complex Jacobi field along a complex 
geodesic in an anti-Kaehler manifold. Also, we give a new definition of a complex focal 
radius of anti-Kaehler submanifold by using the notion of a complex Jacobi field and 
show that the notion of a complex focal radius by this new definition coincides with one 
defined in [12] (see Proposition 8.4). Next we show a fact which is very useful to calculate 
the complex focal radii of an anti-Kaehler submanifold with section in an anti-Kaehler 
symmetric space (see Proposition 8.5). Also, we show that a complex focal radius of 
a C^-Riemannian submanifold in a Riemannian symmetric space G/K of non-compact 
type (see Definition 6 about the definition of this notion) coincides with one defined 
in [11] (see Proposition 8.6). Let {M,J,g) be an anti-Kaehler manifold, V (resp. R) 
be the Levi-Civita connection (resp. the curvature tensor) of g and V^ (resp. W^) be 
the complexification of V (resp. R). Let {TMp^'^) be the holomorphic vector bundle 
consisting of complex vectors of M of type (1,0). Note that the restriction of V*^ to 
TM^^'^' is a holomorphic connection of TM^^'^' (see Theorem 2.2 of [1]). For simplicity, 
assume that (M, J, g) is complete even if the discussion of this section is valid without 
the assumption of the completeness of (M, J,g). Let 7 : C — )■ M be a complex geodesic, 
that is, 7(z) = exp^(o)((f^ez)7=^((^)o) + (Imz) J^(o)7*((^)o)), where (z) is the complex 
coordinate of C and s := Rez. Let y : C — )■ (TM)'-^''^' be a holomorphic vector field 
along 7. That is, Y assigns Yz G (T^tz)^) to each z G C and, for each holomorphic 
local coordinate ([/, (zi, • • • , z„)) of M with Un-f{C) ^%,Yi: T^{U) ^ C (i = 1, • • • ,n) 

n 

defined by y^ = X] ^ii^)iwz')i{z) ^^^ holomorphic. 

Definition 5. If y satisfies V j_ V ul^Y + R''iY,7*i-^)h*i£) = 0, then we call Y a 
complex Jacobi field along 7. Let zq £ C. If there exists a (non-zero) complex Jacobi field 
y along 7 with Yq = and Y^^ = 0, then we call zq a complex conjugate radius of 7(0) 
along 7. Let 6 : C x D{e) ^ M he a holomorphic two-parameter map, where D{e) is the 
e-disk centered at in C. Denote by z (resp. w) the first (resp. second) parameter of S. 
If S{-,wq) : C — 7- M is a complex geodesic for each wq £ -D(e), then we call 6 a complex 
iesic variation. 

Easily we can show the following fact. 

Proposition 8.1. Let 6 : C x D{e) — )■ M be a complex geodesic variation. The complex 
variational vector field Y := (5*(^|^=o) is a complex Jacobi field along 7 := 6{-, 0). 

A vector field X on M is said to be real holomorphic if the Lie derivation LxJ of J 
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with respect to X vanishes. It is known that X is a real holomorphic vector field if and 
only if the complex vector field X — \/—lJX is holomorphic. We have the following fact 
for a complex Jacobi field. 

Proposition 8.2. Let 7 : C — )■ M be a complex geodesic. 

(i) Let Y be a holomorphic vector held along 7 and Ir, be the real part ofY. Then Y 
is a complex Jacobi field along 7 if and only if, for any zq G C, u 1— )■ (1r.)m2o is a Jacobi 
field along the geodesic 7zo(<^=^ 7^o(^) '•— li^^o))- 

dcf 

(ii) A complex number zq is a complex conjugate radius 0/7(0) along 7 if and only if 
7(2:0) is a conjugate point 0/7(0) along the geodesic 72Q. 

Proof. Let (z) {z = s + t\/—l) be the natural coordinate of C. Let Y{= Ir — \/— TJYr) 
be a holomorphic vector field along 7. From Ly^J = and VJ = 0, we have 

(8.1) =v^^(^)V^,(^)yK + i?(yR,7.(|))7*(^) 

-^^^(v,.(jL)V^,(^)yK + i?(yR,7.(|))7*(|; 

Assume that y is a complex Jacobi field. Then it follows from (8.1) that 

i*\asi ^*(as> (js OS 

Let X := a7*(^) + bj^{^) {a,b G R). Furthermore, from Ly^J = and VJ = 0, we 
have 

VxVxyR + i?(yR,x)x = o. 

Hence we see that u 1— )■ (1r)u2o is a Jacobi field along ^zq for each zq G C. The converse 
also is shown in terms of {S.l),Ly^J = and VJ = directly. Thus the statement (i) is 
shown. Assume that zq is a complex conjugate radius of 7(0) along 7. Then there exists 
a non-trivial complex Jacobi field Y along 7 with Iq = and l^p = 0. According to (i), 
u I— 5- (1r)uz,) is a Jacobi field along ^^^ which vanishes at n = 0, 1. Furthermore, it is 
shown that u 1— )■ (yR)u2o is non-trivial because so is Y . Hence 7(^0) is a conjugate point 
of 7(0) along 72g. Conversely, assume that 7(^0) is a conjugate point of 7(0) along 7^^. 
Then there exists a non-trivial Jacobi field Y along ^zo with Yq = and Yi = 0. There 
exists the complex Jacobi field Y along 7 with yg = and Vy ,QyY = Yq — \J—1JYq 
by the existenceness of solutions of a complex ordinary differential equation. It is easy to 
show that (yR)nzo — ^u foi^ all « G R. Hence we have (yR)2o = ^1 = 0, that is, Yz^ = 0. 
Therefore zq is a complex conjugate radius of 7(0) along 7. Thus the statement (ii) is 
shown. 
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q.e.d. 

Next we shall define the notion of the parallel translation along a holomorphic curve. 
Let a : -D — 7- (M, J, g) be a holomorphic curve, where D is an open set of C. Let y be a 
holomorphic vector field along a. If V^ ^ y = 0, then we say that Y is parallel. For a 

parallel holomorphic vector field, we can show the following fact. 

Proposition 8.3. Let a : D ^ (M, J, g) he a holomorphic curve. Take zq (£ D and 
V G (T^tzo)^) ■ '^^^^ the following statements (i) and (ii) hold. 

(i) There uniquely exists a parallel holomorphic vector field Y along a with Y^q = v. 

(ii) Let Y be a holomorphic vector field along a and 1r be its real part. Then Y is 
parallel if and only if, for any (real) curve a in D, u >-^ (^)o-(m) ^'■s parallel along a o a 
with respect to V. 

Proof. The statement (i) follows from the existenceness and the uniqueness of solutions 
of a complex ordinary differential equation. The statement (ii) is shown as follows. From 
VJ = and Ly^J = 0, we have V j_Y = i(V^ (a.)YR.-^/^JV^ (M.)^^}- Hence Y is 

parallel if and only if V„ (A)^R = 0. Let X := a7*(^) + 67*(^) {a,b G R). From V J = 

^ ds ' 

and Ly^J = 0, it follows that V^ (A-i^R = is equivalent to VxY^ = 0. Therefore, the 
statement (ii) follows. q.e.d. 

Let a, zq and v be as in the statement of Proposition 8.3. There uniquely exists a 
parallel holomorphic vector field Y along a with Yz^ = v. We denote Y^-^ by (Pa)2o,^i(^)- 
It is clear that {Pa)zo,zi is a C-linear isomorphism of (Tf^f^o)^) onto {Tf^Ui)^) ■ 
We call {Pa)zo,zi the parallel translation along a from zq to z\. 

Let / be an immersion of an anti-Kaehler manifold (M, J, </) into another anti-Kaehler 
manifold {M,J,g). If /* o J = J o f^ and f*g = g, then we call / an anti-Kaehler 
immersion and (M,J,g) an anti-Kaehler subnianifold immersed by f. In the sequel, we 
omit the notation f^,. In [12], we introduced the notion of a complex focal radius of an 
anti-Kaehler submanifold. Now we shall define this notion in terms of a complex Jacobi 
field. Let v G T^^M and 7^(: D — t- M) be the (maximal) complex geodesic in (M,J,g) 

with (7^)*((^)o) = 2(^ ~ V—'^Jv), where T^^M is the normal space of M at po and D is 
a neighborhood of in C. 

Definition 6. If there exists a complex Jacobi field Y along 7^ with Yq{^ 0) G (Tp^M)'-^''^' 



and y^y = 0, then we call the complex number zq a complex focal radius of M along 7^ 



By imitating the proof of (ii) of Proposition 8.2, we can show the following fact. 
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Proposition 8.4. A complex number zq is a complex focal radius of M along the normal 
complex geodesic 7^ if and only if 7^(zo) is a focal point of M along the normal geodesic 
{7v)zo (*^=^ (7^)20 ("") •= ^vi'^^o))j that is, zq is a complex focal radius in the sense of [12]. 

def 

We consider the case where {M,J,g) is an anti-Kaehler symmetric space G^/K^ and 
where the anti-Kaehler submanifold M is a subset of C^ /K'^ (hence / is the inclusion map). 
For V e {T^^j^Mf, we define C-linear transformations 5^° and Df of {Tb,,K-{G'' / K'')Y 

by 5r := 6§. o cos(7^ad^c((6§J-i^)) o (ftgj-i and 5- := 6^, o ''"^^gg^^;^^ o 

(6q^)~^, respectively, where ad^c is the complexification of the adjoint representation adgc 
of g^ If, for each bK'' G M, b-\T^j^,M) (c TeK-iC" / K'') C 0^) is a Lie triple system 
(resp. abelian subspace), that is, exp-'-(T^-^cM) is totally geodesic (resp. flat and totally 
geodesic), then M is said to have section (resp. have flat section), where exp-*- is the 
normal exponential map of M. 



Proposition 8.5. Let M be an anti-Kaehler submanifold in C^ /K'^ with section and 
V G T^^cM . Set f(i,o) '■= ^{v — \f—lJv). A complex number zq is a complex focal radius 
along 7^ if and only if 

Ker {dZ^,,,, - DZ.,,,, o (A^),,.^,.,) |(t,„,.m)(i.o, / {0}, 
where A^ is the complexification of the shape tensor A of M. 

Proof. Denote by V (resp. R) the Levi-Civita connection (resp. the curvature tensor) of 
C^/K^ and by V^ (resp. R^) their complexification. Let y be a holomorphic vector field 
along 7,^ Define Y : D ^ (T5„xc(G7i^-))(i'0) by Y, := {P^^J,,o{Y,) {z eD), where^D is 

the domain of 7^. Easily we can show V^ ^, ^ -,^? c^ ( d -Y = {P^^)o,z{^[p-)- From VR = 
(hence V^R- = 0), we have R%Y, {^-U^)){^-)^{d.) = (P^c)o,,(i?^^,^.(i;,t;(i,o))^(i,o))- 

Hence y is a complex Jacobi field if and only if -pj- + R^ /^c(^, 'U(i,o))'^(i,o) — holds. By 
noticing 

RlM^^^^(m>{m = -(^0* ° ^'^l'^m*r\m? ° %x^){%) 

and solving this complex ordinary differential equation, we have 

,dY , 



Y. = D 



' z 



2^(1,0) (^0) + zDll^^^^^{—\^=o). 



Since M has section, both Z?^° and D'H preserve (Tf,gX<=-^)'^ (and hence also (T^j^cMY 
invariantly. Hence, if 10(7^ 0) G (T^gj^cM)*^ and Yz^ = for some zq, then we have 
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-^\z=o G {TbgK^M)", that is, -3712=0 = -{A'')y^^^^^{Yo). Hence we have 

(8-2) n = (P,g)o,.((5- ,,„) - 5-^,,,, o (A^),,(^^„,)(yo)). 

From this fact, the statement of this theorem follows. q.e.d. 

Let / : (M, g) ^-J- (M, g) be a C^-isometric immersion between C"^-pseudo-Riemannian 
manifolds and f^ : ((M^?)'^ f-i->9A) '-^ {{M~)A-,'gA) be its complexification (see Definition 
2). 

Definition 7. For each normal vector v{^ 0) of M (in M), we call a complex focal radius 
of (Mg)^ ,.j along 7^ a complex focal radius of M along the normal geodesic 7^ (in M). 

We consider the case where (M,g) is a Riemannian symmetric space G/K of non- 
compact type and where M has section. Let v G T^j^^M and z(= s + t^/—l) G C. 
In [12], we defined the linear map Z)^° (resp. D^i) of Tb„K4M^){= {Ti^^KMf) into 
r5„;,c(G7i^^)(= (T6„;,(G/i^))-) by 

L»^° := 60* o cos (^V^adgc(6g-^i(st; + tj^))) o ft-^^ 

sin (\/^adgc(6o^i(sw + tJw))) 
resp. Df^ := 60* ° V-r , .,-1. TTT^ ° ^0* 



-ladgc(6Q^l(st; + tJt;)) 

The relations between these operators and the above operators D^" and D|* are as follows: 

(8.3) 5-,,,„, {X - V^JX) = DZ{X) - V^JiDZiX)) 
and 

(8.4) Dll^rJ^ - V^JX) = D-ZiX) - V^JiDtliX)), 
where X £ TboK-{M^)- From (8.2), (8.3) and (8.4), we have 

(8.5) (Fr), = {P^,.)Jo,i{{Di: - Dll o A^J((yR)o)) 

for a complex Jacobi field Y along 7^ such that Yq and V/ cv ((A) )^ belong to (Tf,gX<=(Afg ))^ 
where {Pu^c\)q^i is the parallel translation along (7^)2 (: u 1— )■ 7^(uz)) from to 1 and A 
is the shape tensor of {M,g). Hence we have the following fact. 

Proposition 8.6. Let M be a C^ -Riemannian subnianifold in a Riemmannian symmetric 
space G/K of non-compact type. Then z(g C) is a complex focal radius along 7^ (in the 
sense of Definition 7) if and only if Ker(D^° — Df^ o A^^) / {0}, where A is the shape 
tensor of M, that is, z is a complex focal radius along 7^ in the sense of [11]. 
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9 Complex equifocal submanifolds and isoparametric ones 

In [12], we defined the notion of a complex equifocal submanifold in a Riemannian sym- 
metric space of non-compact type by imposing the condition related to complex focal radii. 
In the previous section, we defined the notion of a complex focal radius for C^-pseudo- 
Riemannian submanifold in a general C"^-pseudo-Riemannian manifold. By imposing the 
same condition related to complex focal radii, we shall define the notion of a complex 
equifocal submanifold in a pseudo-Riemannian homogeneous space. Let M be a C^- 
pseudo-Riemannian submanifold in a C^-pseudo-Riemannian homogeneous space M. If 
M has flat section, if the normal holonomy group of M is trivial and if, for any parallel nor- 
mal vector field v of M, the complex focal radii along 7^^ are independent of the choice of 
X £ M (considering their multiplicities), then we call M a complex equifocal submanifold. 
If M has flat section, if the normal holonomy group of M is trivial and if, any sufficiently 
close parallel submanifolds of M have constant mean curvature with respect to the radial 
direction, then M is called an isoparametric submanifold with fiat section. If, for each 
normal vector v of M, the Jacobi operator R{-,v)v preserves TxM {x :the base point of 
v) invariantly and [A^ , R{- , v)v\t^ m] = 0, then M is called a curvature- adapted submani- 
fold, where R is the curvature tensor of M and A is the shape tensor of M. By imitating 
the proof of Theorem 15 in [12], we can show the following facts for pseudo-Riemannian 
submanifolds in a semi-simple pseudo-Riemannian symmetric space. 

Proposition 9.1. Let {M,g) be a C^ -pseudo-Riemannian submanifold in a semi-simple 
pseudo-Riemannian symmetric space G/K equipped with the metric g induced from the 
Killing form of q := LieG. Then the following statements (i) and (ii) hold: 

(i) IfM is an isoparametric submanifold with fiat section, then it is complex equifocal. 

(ii) Let M be a curvature-adapted complex equifocal submanifold. If, for any normal 
vector w of M, R^{-,w)w\(^t^m)'' (^ '■ the base point of w) and the complexified shape 
operator A^ are diagonalizable, then it is an isoparametric submanifold with flat section. 

Proof. Let M be a C"^-pseudo-Riemannian submanifold with flat section in G/K whose 
normal holonomy group is trivial. Let f be a parallel normal vector field on M. Since 
M has flat section, R{-,Vx)Vx preserves T^M invariantly for for each x G M. Hence the 
C-linear transformations -D^°^ and Df^^ preserve (TeM)'^(= Tx{M^)) invariantly. Let 
rjsv '■= exp-*- ost; (M — t- G/K) and Mgv '.= risv{M), where s is sufficiently close to zero. 
Define a function Fgv on M by ri*^ujsv = FgyOJ, where oj (resp. u)sv) is the volume element 
of M (resp. Msv). Set F„Js) := Fsv{x) {x G M).^rom (8.5), it follows that F^^ {x £ M) 
has holomorphic extension (which is denoted by F^ ) and that 

(9.1) F':^{z)=dei{DZ^-Df,^oA';,J (z G C), 

where A'^ is the complexification of the shape tensor A of M, that is, the shape tensor of M^ 
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and D^° —Df^ oA'^^ is regarded as a C-linear transformation of (T^jM)'^. By imitating the 
proof of Corollary 2.6 of [8], M is an isoparametric submanifold with flat section if and only 
if the projection from M to any (sufficiently close) parallel submanifold along the sections 
is volume preserving up to a constant factor (i.e., F^} is independent of the choice of x G M 
for every parallel normal vector field v of M). On the other hand, the complex focal radii 
along the geodesic 7^^ are catched as zero points of FJ^^ . Hence we see that M is complex 
equifocal if and only if (F^)~^(0) is independent of the choice of x G M for every parallel 
normal vector field v of M. From these facts, the statement (i) follows. Next we shall show 
the statement (ii). Let M be a curvature-adapted complex equifocal submanifold satisfying 
the conditions of the statement (ii), v be any parallel normal vector field of M and x be 
any point of M. Since M is curvature-adapted, R^{-,Vx)vx preserves (Tj-M)^ invariantly, 
R'^ {' 1 '>^x)vx\(TxM)'' commutes with A^^. Also, R'^ {• , Vx)vx\(t^m)'' and A^^ are diagonalizable 
by the assumption. Hence they are simultaneously diagonalizable. Hence, for each xq G M, 
there exists a continuous orthonormal tangent frame field (ei, • • • , e„) of (TMY defined on 
a connected open neighborhood U of xq in M such that R^{ei, v)v = —^fci and A^Cj = AjCj 
(i = 1, • • • , n), where n := dim M, /3j and Aj (i = 1, • • • , n) are continuous complex-valued 
functions on U. From (9.1), we have 

9.2 Fl^^ {z)=Ii( cos ^/^zA(x)) - '"■ ' i;, , ;^^ ^' (x G U). 

Hence we have 
(9.3) (i?4)-(0) = U (. I c„s(v/^.ft(.)) = ^■W";^f'">' ) 

(x G [/). Since M is complex equifocal, we have (F^^)^^(O) is independent of the choice 
of X G [/. Hence, it follows from (9.3) that /3j and Aj (i = 1, • • • ,ra) are constant on U . 
Furthermore, it follows from (9.2) that F^^ is independent of the choice of x G U . From the 
arbitariness of xq, iv i^ independent of the choice of x G M. Thus M is an isoparametric 
submanifold with flat section. q.e.d. 

According to Theorem A of [17], we have the following fact. 

Proposition 9.2([17]). het G/K he a (semi-simple) pseudo-Riemannian symmetric 
space and H be a symmetric subgroup of G, t (resp. a) be an involution of G with 
(Fixr)o C K C Fixr (resp. (Fixcr)o C H C Fixaj, L := (Fix(o- o r))o and i := LieL, 
where Fix(-) is the fixed point group of i^-) and Fix(-)o is the identity component of Fix(-). 
Assume that a o t = t o a. Let M be a principal orbit of the H-action on G/K through 
a point eyi\>Q{v)K (v ^ (\k ^ (\H s.t. ad(t;)|( -.semi-simple), where qx '■= Ker(r + id) and 
(\h := Ker(o" + id). Then M is a curvature-adapted complex equifocal submanifold and, 
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for each normal vector w of M, R^{-,w)w\trp^n^\c (x : the base point of w) and A^ are 
diagonahzable. Also the orbit H{eK) is a reflective focal submanifold of M. 

By using Theorem 6.1, Propositions 9.1 and 9.2, we prove the following fact. 

Theorem 9.3. Let (G/K, g) be a ( semi-simple) pseudo-Riemannian symmetric space. 
Then {{G/K)^)a is invariant with respect to the G-action on T{G/K) and almost all 
principal orbits of this action are curvature-adapted isoparametric submanifolds with Hat 
section in the anti-Kaehler manifold {{{G/K)'z)A,gA) such that the shape operators are 
complex diagonahzable. Also, the 0-section(= G/K) is a reflective focal submanifold of 
such principal orbits. 

Proof. Since G is a symmetric subgroup of G^ and the involutions associated with G and 
K^ commute, it follows from Proposition 9.2 that almost all principal orbits of the G-action 
on G^ /K^ are curvature-adapted complex equifocal submanifold such that, for each normal 
vector w of M, R^[-.,w)w\(j'^my (^ • ^^^ h&se point of w) and A'^ are diagonahzable. Also 
G{eK^){= G/K C G^ /K^) is a reflective focal submanifold of such principal orbits. By 
Proposition 9.1, such principal orbits are isoparametric submanifolds with flat section. For 
geG andve {{G/KYg)A n Tp{G/K), we have 

<^{g*v) = expg(^p-j{Jg(^p){g^v)) = g{expp{Jpv)) = g{^{v)), 

where $ is as in Section 6 and J is the complex structure of G^/K^. Thus <& maps the G- 
orbits on {{G/K)'^)a onto the G-orbits on G^ /K^ . Hence, since <I>| (((7/^)0)^ is an isometry 
by Theorem 6.1, almost all principal orbits of the G-action on {{G/K)^)a are curvature- 
adapted isoparametric submanifolds with flat section and their shape operators are com- 
plex diagonahzable and the 0-section (= G/K) is a reflective focal submanifold of such 
principal orbits. q.e.d. 
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Concluding remark 

We shall list up notations used in this paper. 



JV 


the adapted complex structure of V 


J9 


the adapted complex structure of g 


9A 


the anti-Kaehler metric ass. with J^ 


M^ 


the domain of J^ 


M= 


the domain of js 


iM^)f 


the domain of f^ 


iM^)f:r 


the domain such that f^ is an immersion 


{M-g)A 


the domain of {J^,gA) 


(A^9)a,/:« 


(m-)a n (M-)f.., 


(A^9)A,f. 


{M-)A,f:,n{n-H{Ms)A) 



V : C^ — Koszul connection of M 

g : C^ — pseudo — Riemannian metric of M 

f : C"^ — isometric immersion of {M,g) into {M,g) 
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